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Abstract—This paper presents a new formulation for system
state estimation of passive electric distribution networks. The
fundamental idea discussed here is how to obtain the state of the
system at maximum demand condition using three sources of
information: 1) a quasi-symmetric matrix called TRX represent-
ing network structure and topology, 2) power measurements at
main feeder disconnection devices and reclosers installed in the
network, and 3) Energy measurements and estimated load curve
of aggregate users at distribution transformers. The method is
formulated with real variables for single-phase positive sequence
radially operated networks. Results of the application of proposed
methodology are presented using the well known IEEE 4-Node
test system.

I. INTRODUCTION

Seminal contributions on System State Estimation (SSE)

procedures applied to meshed electrical networks were intro-

duced by Schweppe in the early 70s [1], [2], [3]. The basic

formulation is based on a minimum least squares nonlinear

optimization problem, solved using Newton approach. The

SEE problem applied to Electric Distribution Systems was

extended by [4], using three phase model solved also with

the iterative Newton method. Baran [5] and [6], proposed

solve the problem using the current branch measurement

instead of power injection formulae, transforming power flow

measurements in their equivalent currents values.

In our knowledge, System State Estimation in electric

distribution systems methodologies have been applied in the

past using three-phase formulations from standard power flow

equations. This paper presents a new formulation for the

solution of state of the system estimation based upon the direct

relation between injected currents and voltage drops in radial

exploited networks given by a unique matrix called TRX.

This paper is organized as follows: Section II addresses the

methodology for single-phase balanced distribution systems,

Section III described the mathematical formulation of the

problem based on minimum least squares equations. Case

study is shown in Section IV and conclusions are drawn in

Section V. Demonstration of TRX matrix structure is provided

in Appendix A.

II. PROPOSED METHODOLOGY

A. Data Preparation

The State Estimator requires the preparation of the following

data: Network model via a unique quasi-symmetric matrix,

active energy and power factor measured in all load demands

and voltage and current measurements at main feeder in

substation.

1) The TRX Matrix: In order to build the TRX matrix

it is required to know branch per unit impedances stated

as Z corresponding to a vector of series line impedance or

transformer, positive sequence resistance and reactance for

each branch of the network.

Z =
[
Z01 ... Zij ... Zmn

]
(1)

where,

Zij = Rij + jXij i, j = 1, ..., n i �= j (2)

For simplicity, shunt admittances are not considered in

the balanced approach. Figure 1 shows a radial distribution

network with n+1 buses, and n branches and a single voltage

source at the root bus 0. Branches are organized according to

an appropriate numbering scheme (list), whose details can be

found in [7].

Relationship between injected currents I and branch cur-

rents J is set through an upper triangular matrix T accom-

plishing the Kirchhoff Current Laws (KCL) [8], [9] as follows:

J = −T · I (3)

Fig. 1. Branch and bus numbering of a radial distribution network

Then, the TRX matrix is given by::

TRX =

[
TTRT −TTXT
TTXT TTRT

]
=

[
A −B
B A

]
(4)

where triangular matrix T is given by KCL laws and

impedance matrices R and X are given by:

R = �e{diag(Z)}; X = Im{diag(Z)} (5)
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Demonstration of how TRX matrix is structured is presented

in Appendix A.

2) Measurements - Bus Energy Data: Active energy in pu

is measured in each bus during a month (Tm=720 hours)

WM =
[
WM1 ... WMi ... WMn

]
(6)

3) Measurements - Main Feeder and Reclosers: Voltage

and delivered active and reactive powers measured by main

feeder protection devices and reclosers installed in different

branches of the grid are collected in the following measure-

ment vectors:

VM =
[
VM0 ... VMi ... VMn

]
(7)

PM =
[
PM01 ... PMij ... PM(n−1)n

]
(8)

QM =
[
QM01 ... QMij ... QM(n−1)n

]
(9)

4) Additional Data: Power factor angle at each load bus

ϕDi is given by:

ϕD =
[
ϕD1 ... ϕDi ... ϕDn

]
(10)

Load factor at each load bus LFi is given by:

LF =
[
LF1 ... LFi ... LFn

]
(11)

Load factors are the relationships between average and

maximum load demand at each bus under given period.

III. SYSTEM STATE ESTIMATION PROBLEM FORMULATION

In this section does present the formulation of the optimiza-

tion problem. The objective is to minimize least square error

in all measurements subject to the direct relationship between

the state of the system and the injected currents:

min
1

2
(z− h(x))

T
W (z− h(x)) (12)

subject to:[
Vx

Vy

]
=

[
Vx0

Vy0

]
+

[
A −B
B A

] [
Ix
Iy

]
(13)

Demonstration of how to obtain (13) is presented in Ap-

pendix A.

A. Measurement Vector

We have three types of measurements: energy in load

buses and voltages and power measurements coming from

SCADA registers in protection devices either on substation

(main feeder) or reclosers located at trunk feeders. The z is

the measurement vector defined by:

z =
[
VM PM QM WM

]
(14)

B. The Estimated State of the System Vector

The unknown values of the optimization problem, ie. the

estimate value of voltages of all nodes of the network (real an

imaginary parts) x are expressed as by:

x =
[
Vx0 Vy0 Vx Vy

]T
(15)

and voltage at reference bus V0 = Vx0+jVy0, and V=Vx+
jVy,

C. The Estimated Measurements

The measurement error vector is denoted as z − h(x).
Injected currents are written as function of calculated nodal

energies.

Ixi =
PiVxi +QiVyi

(Vxi)2 + (Vyi)2
i = 1, ..., n (16)

Iyi =
−QiVxi + PiVyi

(Vxi)2 + (Vyi)2
i = 1, ..., n (17)

Where injected active Pi and reactive Qi powers are ex-

pressed as function of calculated active energies WCi, load

factor LFi and power factor angle ϕDi

Pi = − WCi

720·LFi
i = 1, ..., n (18)

Qi = Pi · tanϕDi i = 1, ..., n (19)

Then, h(x) is the estimation of given measurements as

function of the state of the system vector defined by:

h(x) =
[
VC JC WC

]
(20)

where elements of VC are given by:

VCk =
√
V 2
xk + V 2

yk (21)

k is a busbar with voltage measurement.

Branch currents are obtained using:

(Jx + jJy) = −T · (Ix + jIy) (22)

J ij = Jxij + jJyij (23)

Then, active powers at given branch ij: is:

PCij = Vxi · Jxij + Vyi · Jyij (24)

and, branch reactive powers:

QCij = Vyi · Jxij − Vxi · Jyij (25)

where elements of WC are given by:

WCk = −Tm · LFk · (Vxk · Ixk + Vyk · Iyk) (26)

k is a busbar with of aggregate active energy measurements
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IV. CASE STUDY

In order to illustrate and evaluate the proposed method,

the IEEE 4 bus test system was used. The proposed SEE

formulation was implemented using Solver application under

Microsoft Excel Program and it could be requested to authors.

IEEE 4 Bus Distribution model is detailed in [10]. As seen

in Figure 2, only one load is connected to the system. Power

measurements are given at main feeder. All simulations con-

sidered four-wire configuration and a step-down transformer

6MVA 12.47/4.16kV under wye-wye connection.

Fig. 2. IEEE 4 Node radial distribution network

The SSE problem is solved assuming a system voltage bases

V High
Base = 12.47kV for the medium voltage network, V Low

base =
4.16kV for the low-voltage network. Power system base is

Sbase = 6MVA. Impedance bases are ZHigh
base = 25.92 ohms

and ZLow
base =2.8843 ohms.

1) TRX Matrix: The positive impedance sequence matrix

of the IEEE 4-node test system Z is given by:

Z =

⎡
⎣ Z01

Z12

Z23

⎤
⎦ =

⎡
⎣ 0.0045 + j0.0092

0.0100 + j0.0600
0.0502 + j0.1029

⎤
⎦

The upper triangular matrix T is given by:

T =

⎡
⎣ 1 1 1

0 1 1
0 0 1

⎤
⎦

and the A and B matrices are:

A =

⎡
⎣ 0.0045 0.0045 0.0045

0.0045 0.0145 0.0145
0.0045 0.0145 0.0647

⎤
⎦

B =

⎡
⎣ 0.0092 0.0092 0.0092

0.0092 0.0692 0.0692
0.0092 0.0692 0.1721

⎤
⎦

Then the TRX matrix is defined as

TRX =

⎡
⎢⎢⎢⎢⎢⎣

0.45 0.45 0.45 −0.92 −0.92 −0.92
0.45 1.45 1.45 −0.92 −6.92 −6.92
0.45 1.45 6.47 −0.92 −6.92 −17.21
0.92 0.92 0.92 0.45 0.45 0.45
0.92 6.92 6.92 0.45 1.45 1.45
0.92 6.92 17.21 0.45 1.45 6.47

⎤
⎥⎥⎥⎥⎥⎦× 10

−2

2) Measurements: The IEEE 4 bus system has a maxi-

mum load demand of 5.4MW (cosϕD3=0.9 lag). Assuming

LF3=0.9, active energy in p.u. registered during a month is:

WM =
[
WM3

]
=

[
582

]
Voltages at substation is:

VM =
[
VM0

]
=

[
1.00

]
Active and reactive powers at main circuit breaker are

PM =
[
PM01

]
=

[
0.98

]

QM =
[
QM01

]
=

[
0.69

]
Then, the measurement vector z is:

z =
[
VM0 PM01 QM01 WM3

]

z =
[
1.00 0.98 0.69 582

]
assuming the following W matrix:

W =

⎡
⎢⎢⎣

100000 0 0 0
0 1000 0 0
0 0 1000 0
0 0 0 10

⎤
⎥⎥⎦

Injected powers are obtained form aggregate active energy

measurements from users using approximate load curve pat-

terns and power factor values. Hence, the best accuracies

are assigned to measurements at substation and reclosers and

lower accuracies are assigned to energy measurements.

3) The Optimization Problem: Given the measurement vec-

tor z, we define the h(x) vector as:

h(x) =
[
VC0 PC01 QC01 WC3

]
where the state of the system are all voltages in cartesian

form:

x =
[
Vx0 Vy0 Vx1 Vy1 Vx2 Vy2 Vx3 Vy3

]
The optimization problem is set by minimizing global

objective (weighted least squares error):

min (z− h(x))
T
W (z− h(x))

Subject To:

⎡
⎢⎢⎢⎢⎢⎢⎣

Vx1

Vx2

Vx3

Vy1

Vy2

Vy3

⎤
⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎣

Vx0

Vx0

Vx0

0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎦
+

[
A −B
B A

]
⎡
⎢⎢⎢⎢⎢⎢⎣

Ix1
Ix2
Ix3
Iy1
Iy2
Iy3

⎤
⎥⎥⎥⎥⎥⎥⎦

Ix1 = Ix2 = Iy1 = Iy2 = 0
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Ix3 = − WC3

Tm · LF3
(
Vx3 + tanϕD3 · Vy3

(Vx3)2 + (Vy3)2
)

Iy3 = − WC3

Tm · LF3
(
− tanϕD3 · Vx3 + Vy3

(Vx3)2 + (Vy3)2
)

VC0 = Vx0

PC01 = −Vx0 · Ix3 − Vy0 · Iy3

QC01 = −Vy0 · Ix3 + Vx0 · Iy3

WC3 = −Tm · LF3 · (Vx3 · Ix3 + Vy3 · Iy3)
4) The SEE Problem Solution: Solving the optimization

model set up above using Excel’s Solver, solution is given

by:

x =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Vx0

Vx1

Vx2

Vx3

Vy0

Vy1

Vy2

Vy3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

T

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1.0000
0.9893
0.9381
0.8172

0
−0.0060
−0.0587
−0.1264

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

T

Solution of all voltages in modulus (pu and kV) and angle

in degrees are given in Table I

TABLE I
SOLUTION IEEE 4-NODE TEST SYSTEM - SINGLE-PHASE BALANCED

LOAD [10]

Mod. (kV) Mod. (pu) Angle (deg)
Node 0 12.47 1.0000 +0.0000
Node 1 12.34 0.9893 -0.3486
Node 2 3.91 0.9399 -3.5804
Node 3 3.44 0.8269 -8.7925

Active energy estimated is WC3=582.0pu, and residuals are

given by:

VM0 − VC0 = 4.6065E − 05

PM01 − PC01 = 0.16002311

QM01 −QC01 = 0.004146852

WM3 −WC3 = 4.6065E − 05

In this case, results are very similar to solutions reported in

[10] because active energy measured across 720h and a load

and a power factor 0.9 and 0.9 respectively, produces a power

injection at bus 4 equal to reported in the original power flow

solution. As a result, energy measurement has a low residual

despite low confidence assigned by the weight matrix. This

result is meaningful because it demonstrates that a good energy

measurements at users lead to low residuals.

V. CONCLUSION

This paper discuss a new formulation for system state

estimation of passive electric distribution networks. A small

example is solved for illustration purposes. Results show that

proposed formulation is suitable to be applied in order to solve

the problem using a general equation formula relating the state

of the system, i.e. nodal voltages and injected currents through

a general impedance matrix called TRX.
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APPENDIX A
In the following, the structure TRX matrix is deduced. First, voltage vector V is defined according the Kirchhoff

Voltage Laws (KVL) as function of branch currents vector J and line impedances Z :

V = V0 − TT · diag(Z) · J

where diag(Z) is the diagonal matrix of vector Z.

and, T is the triangular matrix obtained from Kirchhoff Current Laws (KCL)

J = −T · I

Voltage equation can be rewritten as::

V = V0 − T
T · diag(Z) · J = V0 + T

T · diag(Z) · T · I

Separating real and imaginary parts:

Vx + jVy = Vx0 + jVy0 − TT · (R + jX) · (Jx + jJy)

where,

R = �e{diag(Z)}; X = Im{diag(Z)}
Jx = T · Ix; Jy = T · Iy

This expression corresponds to Kirchhoff Voltage Laws (KVL) through all nodes and, where Jx + jJy term

corresponds to all nodal Kirchhoff Current Laws (KCL). After some algebra, real and imaginary parts can be rewritten as:

Vx = Vx0 + T
T ·R · T · Ix − T

T ·X · T · Iy
Vy = Vy0 + T

T ·X · T · Ix + T
T ·R · T · Iy

Voltage drop equations are settled as:

[
Vx
Vy

]
−

[
Vx0
Vy0

]
=

[
TT RT −TT XT

TT XT TT RT

] [
Ix
Iy

]

where the TRX matrix is given by:

TRX =

[
TT RT −TT XT

TT XT TT RT

]
=

[
A −B
B A

]
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